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Algebra of Differential Invariants
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Motivation: symmetry reduction for differential elimination.

Collaborators: |I. Kogan, E. Mansfield, G. Mari-Beffa, P. Olver.



Differential Elimination
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What are the conditions on u for S to have a solution?



Differential Polynomial Rings
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Derivations with nontrivial commutations
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Differential polynomial ring K [)] with
non commuting derivations
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Outline

@ Invariants of Lie group actions



One dimensional Lie group actions on the

plane
scaling translation rotation
Group R* R 50(2)

()1 (0)

Orbits:
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Infinitesimal generator
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Infinitesimal generators

0

0
518721++5d872d

a vector field the flow of which is the action of a one-dimensional
group.

Vy,...,V, a basis of infinitesimal generators for the action of
r-dimensional group G.



Invariants

f: M — R smooth

f(Axz)="f(z) for A€ G
o, <~
| f is constant on orbits



Local Invariants

f:U C M — R smooth

f(Axz) = f(z) for A\ € G close to e
O, =
| f is constant on orbits within U/
= .



Examples
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@® Normalized Invariants: Geometric Construction



Local cross-section P

e P an embedded manifold of dimension n — d

e P intersect O% at a unique point, Vz € U.

e P is transverse to O, at z € P.

[Fels Olver 99, H. Kogan 07b]



Local cross-section P

e P an embedded manifold of dimension n — d
P={zeU|pi(z)=...=p4(z) =0}

e P intersect O% at a unique point, Vz € U.
e P is transverse to O, at z € P.
< V(P) = (Vi(pj)); has rank d on P.

[Fels Olver 99, H. Kogan 07b]



Local cross-section P

e P an embedded manifold of dimension n — d
o, P={zeU|pi(z)=...=p4(z) =0}

e P intersect O% at a unique point, Vz € U.

e P is transverse to O, at z € P.

A local invariant is uniquely determined by a function on P.

[Fels Olver 99, H. Kogan 07b]



Invariantization ¢f of a function f

f: U — R smooth

if is the unique local invariant with 7f|p = f|p

if (z) = f (2)

Normalized invariants: 7z1,...,0z,. if(z) = f(tz)

Generation and rewriting:
f local invariant = f(z1,...,2z,) = f(iz1,...,0zp)

Relations: pi(7z1,...,0z,) =0,...,p4(tz1,...,72z,) =0
[Fels Olver 99, H. Kogan 07b]



Normalized invariants. Example.

G =50(2), M=R?\0
e » P:y=0,x>0 Uu=M

(ix, Ty) (\/m 0)

Replacement property:

f(x,y) invariant = f(x,y) = f(7x,0).



Computing normalized invariants

In the algebraic case, the normalized invariants (7z,...,tz,) form

—G .
a K(z) -zero of the graph-section ideal

(G +(Z - A%2) + P) N K(2)[Z]

The coefficients of the reduced Grobner basis of the graph-section
ideal form a generating set for K(z)® endowed with a simple
rewriting algorithm.

[H. Kogan 07a 07b]



Normalized invariants in practice

We mostly do not need (7zi, . ..,7z,) explicitly.

We can work formally with (7z1, ..., 7z,), subject to the
relationships p1(2z) = 0,..., pg(zz) = 0.
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© Differential Invariants, Invariant Derivations



Curvature: o =

Classical differential invariants

(v)=(E <))+ (5)

e+¢2=1

2
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Curvature: o =

Classical differential invariants

(v)=(E <))+ (5)

e+¢2=1
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Classical differential invariants

~— 590
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Curvature: 0 = /=22 a differential invariant
(14y2)3




Classical differential invariants
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Jets and Action Prolongation

I=xxU
(x1,...,Xm) coordinates on X’ ~» independent variables
(u1,...,un) coordinates on U ~» dependent variables
Jk=x x Uk

alely
Oxyt .. Oxm™
~> the derivatives of u w.r.t x up to order k

additional coordinates u, = la] < k

Di = ax, + za: “+f'a



Jets and Action Prolongation

I =xxU g®:gxJ0 =30 VO .. . VO

r

Jk=x x Uy gk G x gk = gk VK vk

r

[DifferentialGeometry]|



Differential Invariants

I=xxU g®:gxJ0 30 Vv ... VO

Jk=x x YUk gk g x gk = gk vk VK

f : Jk — R differential invariant of order k if VK(f) = 0.

Given a cross-section P¥ on JX, we define the normalized
invariants of order k

TK = {ix1, ..., ixm} U {Tua | o] < k}



Invariant derivation

D: F(J¥) = F(J*1) st DoV=VoD

f : JK — R a differential invariant
= D(f) a differential invariant of order k + 1.



Outline

O Algebra of Differential Invariants



Moving frame

The dimension of orbits on J¥, ry, stabilizes:

n<<n<..<rs=fy1=...=".



Moving frame

The dimension of orbits on JX, ry, stabilizes: é;/\:zx o,
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Moving frame

The dimension of orbits on JX, ry, stabilizes: é;/\:zx o,
n<n<..<rs=frg1=...=r. E
Pe:pr=0,.

.., pr =0 a cross-section on Jstk

P

p:J<—G equivariant p(Axz)=p(z) AL

Invariant derivations:
D, D,

L | =" (DA e X)), :
D D

m m

[Fels Olver 99]



Invariant Derivations

Dy, ..., Dy F(ITTH) — F(J5TKT)

Di(if) = T1(Di(f)) = KT (V.(f))  K=7(D(P)V(P)™)

D(P) = (Di(p))  V(P) = (Vi(p))

[Fels Olver 99]



Invariant Derivations

Dy, Dy s F(ITK) — F(I7HH)

Dy(tf) =1(Dy(f)) = Kii(V,(f)) K=t (D(P)V(P)™!)

D;, D} Z N Dy N = Kicl(Dj(€ck)) — KieE(Di(€ck))

[Fels Olver 99]



Finite Generation

TUate, = Di(Tug) + KiaT(Va(a)) K=1(D(P)V(P)™)

Any differential invariant can be contructively written in terms of
either:

e the normalized invariants of order s + 1

T = {ix1,. .., ixXm} U {Tug | o] < s+ k}

e the edge invariants, when the cross-section is of minimal order

€ = {U(Di(pa))} VT,

o the Maurer-Cartan invariants K={K,}uz°

and their derivatives w.r.t. Dy,..., D,

[H09, H10]



Syzygies for Normalized Invariants

A subset S of the following relationships
p1(tx,tua) =0, ..., pr(tx,Tuy) =0
Dy(ox) = 85 — KT (V ()
Dj(tua) = tuate — Kial (V(ua)), o <'s
Dy(Tua) — Dy(7ug) = KiaT (V(us)) = KT (V (1)
a+e=0+¢, |af=|0=s+1

form a complete set of differential syzygies.

TUgte; = Di(Tug) + KiaT(V,(ua))

[HO9]



Syzygies for Maurer-Cartan Invariants

Di(Kie)-Dj(Kic) = Y Cope(KiaKip— KiaKin) +ZAUkch—o
1<a<b<r k=1

where

r m
[Vi’vj] - Z CUka [Divpj] = Z /\ijk D.
k=1 k=1
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Thanks.
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Software

[@ E. Hubert.
DIFFALG: extension to non commuting derivations.
INRIA, 2005.
www.inria.fr/cafe/Evelyne.Hubert/diffalg.

[@ E. Hubert.
AIDA - Algebraic Invariants and their Differential Algebra.

INRIA, 2007.
www.inria.fr/cafe/Evelyne.Hubert/aida.

[ I. Anderson
DIFFERENTIALGEOMETRY - previously Vessiot.
Maple 11 and later.
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